Anomalous hydrodynamics with dyonic charge by Nakayama, Yu
ar
X
iv
:2
00
9.
14
36
0v
1 
 [h
ep
-th
]  
30
 Se
p 2
02
0
RUP-20-29
Anomalous hydrodynamics with dyonic charge
Yu Nakayama
Department of Physics, Rikkyo University, Toshima, Tokyo 171-8501, Japan
Abstract
We study anomalous hydrodynamics with a dyonic charge. We show that the
local second law of thermodynamics constrains the structure of the anomaly in
addition to the structure of the hydrodynamic constitutive equations. In particular,
we show that not only the usual E ·B term but also E2−B2 term should be present
in the anomaly with a specific coefficient for the local entropy production to be
positive definite.
1 Introduction
The existence of anomaly in quantum field theories had been well-known, but it was
only recently that its consequence in the hydrodynamic regime was revealed [1] (see also
[2][3][4][5][6][7][10][11][12]). It predicts universal new kinetic coefficients in the hydrody-
namic constitutive equations for the current with the triangle anomaly:
∂µJµ = cF
µνF˜µν . (1)
The key idea was that under the presence of the triangle anomaly, it is imperative to
introduce a new kinetic coefficient proportional to the vorticity in order for the local
second law of thermodynamics (i.e. the positivity of the local entropy production) to
hold under the presence of the external gauge field that causes the anomaly. The new
kinetic coefficients cause no dissipation and they are fixed by the triangle anomaly of the
microscopic theory.
In this paper, we would like to ask the question about what will happen if we try to
gauge the current (with anomaly) not in the electric way but in the more generic dyonic
way. By this, we mean that the current is coupled with the external gauge field both
electrically and magnetically. In particular, we would like to study the consequence in
the hydrodynamic regime.
We show that the local second law of thermodynamics constrains the structure of
the anomaly in addition to the structure of the hydrodynamic constitutive equation. In
particular, we will see that in order to maintain the local second law of thermodynamics,
the anomaly must include the extra term
∂µJµ = cF
µνF˜µν + c˜F
µνFµν , (2)
whose coefficient is fixed by the magnetic gauging.
In conventional quantum field theories, we rarely see F µνFµν term in the anomalous
conservation law although it is consistent [13] (in the Wess-Zumino sense). Our results,
however, suggest that its appearance is crucial to assure the positivity of the local entropy
production in the hydrodynamic regime if we try to gauge the current in the dyonic way.
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2 Anomalous hydrodynamics with dyonic charge
Let us consider an anomalous current Jµ in a 1+ 3 dimensional relativistic quantum field
theory and try to couple it with the external gauge field in a dyonic way. It means that
under the presence of the external gauge field (with the field strength denoted by Fµν and
its dual F˜µν =
1
2
ǫµνρσF
ρσ), the conservation equations for the energy-momentum tensor
T µν and the anomalous current Jµ (in the covariant form) become
∂µT
µν = (F νρ + βF˜ νρ)Jρ
∂µJ
µ = cEµBµ + c˜(E
2
− B2) . (3)
Here, we have introduced the electric and magnetic fields defined with respect to the
rest frame of the fluid from the velocity vector field uµ (with the normalization given by
uµu
µ = −1): Eµ = F µνuν, B
µ = 1
2
ǫµνρσuνFρσ. Usual chiral anomaly does not introduce
the second term c˜(E2 − B2) = − c˜
2
F µνFµν , but we will see that it plays a crucial role to
maintain the local second law of thermodynamics. The parameter β is an arbitrary real
number for our classical treatment.
We also assume that the external field strength satisfies the“Bianchi identity”
∂µ(βFµν − F˜µν) = 0 , (4)
which means that our charge lattice is one-dimensional. A difficulty without imposing the
“Bianchi identity” will be discussed later. Note that imposing this condition is consistent
with the (anomalous) conservation laws (3). Note also that even in the β = 0 case studied
in the literature [1][3], we could not have obtained the local second law of thermodynamics
if we did not impose the Bianchi identity (i.e. (4) with β = 0).1
In hydrodynamics, we expand the energy-momentum tensor and the current with
respect to derivatives of the velocity vector uµ and the local temperature T and the
(dyonic) chemical potential µ. Since we have assumed that our charge lattice is one-
dimensional, we have only one chemical potential here.
At the zero-th order (i.e. in the ideal fluid limit) with the use of the projector P νµ =
δνµ + uµu
ν , we have
T (0)µν = ǫuµuν + pPµν
1As a further technical remark, in may cases, we also have to use the “Bianchi identity” to transform
the anomalous conservation equations into a covariant form as (3).
2
J (0)µ = nuµ
s(0)µ = suµ , (5)
where local energy ǫ, local pressure p, local number density n and local entropy density s
are functions of µ and T subject to the first law of local thermodynamics ǫ+P = Ts+µn.2
If we are working on conformal fluid, the (anomalous) trace formula T µµ = O(F
2
µν) gives
ǫ = 3p up to O(F 2µν) corrections.
3
The ideal fluid equations become
(uµ∂µ)(ǫ+ p)uν + (ǫ+ p)(∂
µuµ)uν + ∂νp = n(Eν + βBν)
uµ∂µn+ n∂
µuµ = 0 , (6)
from which (together with the “Bianchi identity”) we can derive useful relations for the
vorticity vector ωµ = 1
2
ǫµνρσuν∂ρuσ:
∂µωµ = −
2
ǫ+ p
ωµ(∂µp− n(Eµ + βBµ)) (7)
and the divergence of field strength:
∂µ(B
µ
− βEµ) =
− 2ωµ(Eµ + βBµ) +
1
ǫ+ p
(−(Bµ − βEµ)∂µp+ n(Eµ + βBµ)(B
µ − βEµ)) . (8)
Now let us consider the first order corrections to the constitutive equations. By impos-
ing the Landau frame condition uµT
(1)
µν = uµJ
(1)
µ = 0, we have the most generic possibility
T (1)µν = −(2ηπµν + ζPµν(∂
ρuρ))
J (1)µ = χPµν∂
νp− TσPµν∂
ν µ
T
+ σ(E)(Eµ + βBµ) + ξωµ + ξ
(B)(Bµ − βEµ)
s(1)µ = −
µ
T
J (1)µ + ζ˜uµ(∂ · u) + χ˜Pµν∂
νp+ σ˜Pµν∂
ν µ
T
+ σ˜(E)(Eµ + βBµ)
+Dωµ +D
(B)(Bµ − βEµ) . (9)
Here, πµν = P µαP νβ(∂αuβ + ∂βuα −
∂ρuρ
3
ηαβ) is the shear tensor.
By using the anomalous conservation (3), we obtain
∂µs
µ =
1
T
(
−T (1)µν D
µuν + J (1)µ (E
µ + βBµ − T∂µ
µ
T
)− cµEµBµ − c˜µ(E
2 −B2)
)
2They might depend on the external gauge fields Fµν . We assume Fµν ∼ O(p). Accordingly we only
keep O(p) in the constitutive equations for Tµν and Jµ to discuss the first order hydrodynamics.
3This O(F 2
µν
) term includes EµBµ term as well when β is non-zero [15][16][17].
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+ ∂µ(s(1)µ +
µ
T
J (1)µ ) . (10)
In order to realize the local second law of thermodynamics, we would like to demand that
the right hand side of (10) is non-negative, which can be evaluated by using (7) and (8).
The most of the analysis follows from the earlier works [1][3], where we can effectively
replace Eµ there with Eµ + βEµ and Bµ there with Bµ − βEµ. In particular, we need to
set χ˜ = ζ˜ = χ = σ˜ = σ˜(E) = 0 with σ ≥ 0, η ≥ 0, ζ ≥ 0.
The most significant difference here is that the form of the anomaly consists of two
terms cEµBµ+ c˜(E
2−B2), both of which do not have a positive property in the divergence
of the entropy current. It means that the both contributions must be canceled from the
modification of the constitutive equations.
We actually do know that the particular combination proportional to (Eµ+βBµ)(Bµ−
βEµ) can be canceled from the studies of [1][3] with the simple replacement we have just
mentioned, where they have shown that we can set
D =
Cµ3
3T
D(B) =
Cµ2
2T
ξ = C
(
µ2 −
2
3
nµ3
(ǫ+ p)
)
ξ(B) = C
(
µ−
1
2
nµ2
(ǫ+ p)
)
(11)
to cancel the term C(Eµ + βBµ)(Bµ − βEµ).
4 Note that the term ξ(B) induces not only
the chiral magnetic effect but also the “chiral electric effect”. Since these effects do not
cause the entropy production, they are non-dissipative.
We, however, see that the remaining terms in cEµBµ+ c˜(E
2−B2) cannot be canceled
or be made positive definite. This can be seen from the observation that among three
basis terms of (Bµ−βEµ)(Bµ−βEµ), (B
µ−βEµ)(Eµ+βBµ), (E
µ+βBµ)(Eµ+βBµ), the
bilinear µ(Bµ−βEµ)(Bµ−βEµ) that appears in the entropy production comes only from
the anomaly and it cannot be obtained from our modification of the entropy current. It
is not positive definite either because the sign of µ is unconstrained.
Therefore the only possible way to maintain the local second law of thermodynamics
4Without affecting the cancellation, one may add further parity breaking terms (e.g. γT 2 term in D)
as first observed in [3].
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seems to assume that c and c˜ are related:
c˜ = −
β
1− β2
c (12)
so that there is no remaining µ(Bµ − βEµ)(Bµ − βEµ) term by choosing C =
c
1−β2
.
Indeed, this relation of the anomaly of the dyonic current is proposed in [14][15] from the
SL(2,Z) invariance, and we do know that such a theory must be consistent (by assuming
the SL(2,Z) duality of anomalous gauging).
It is worthwhile noticing that we may set the external field strength to be zero and
still see the effect of the anomaly as a chiral vortex effect. The strength of the chiral
vortex effect is fixed by the anomaly coefficient of the underlying theory and does not
depend on the choice whether we electrically gauge it or dyonically gauge it. In our case,
the artificial dependence of β can be removed by a redefinition of µ (whose normalization
we have not fixed).
3 Discussions
In this paper, we have studied anomalous hydrodynamics with a dyonic charge. We have
seen that the local second law of thermodynamics constrains the structure of the anomaly.
We have shown that not only the usual E ·B term but also E2−B2 term should be present
in the anomaly with a specific coefficient. We see that this particular coefficient is precisely
what we expect from the SL(2,Z) duality as a viable possibility, but it is not immediately
obvious why it would violate the local second law of thermodynamics otherwise.
The question could have been addressed with the electric gauging with β = 0. If the
current is anomalous with non-zero E2 − B2 term, then the local second law of thermo-
dynamics would fail. Independently of this observation, we know that the anomalous
current with E2 − B2 term in conformal field theory is “impossible” in the sense that
the non-local three-point functions of conserved current that would generate the E2−B2
anomaly do not exist [13]. However, this fact does not immediately lead to the conclusion
that such terms are not physical: we can for instance construct the (conformally invariant)
Wess-Zumino effective action that generates the semi-local three-point functions that give
rise to the E2 − B2 anomaly. In this sense, it may be perplexing that the local second
law of thermodynamics fails.5 Presumably, in order to realize the impossible anomaly,
5We often say that the usual E ·B anomaly is invariant under time-reversal so the anomalous transport
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more than the normal hydrodynamic degrees of freedom (i.e. Goldstone bosons for the
Wess-Zumino action) would be necessary (see e.g. [18][19][20][21]).
One remaining puzzle is what happens if the charge lattice is not one-dimensional. If
the charge lattice is not one-dimensional, we have magnetic as well as electric conserved
current. At the same time, we do not expect the Bianchi identity (although as long as
the associated current is not anomalous, we may still impose the Bianchi identity on the
external source). Without the Bianchi identity, we have one less equation to rewrite the
divergence of the entropy current. This makes it more difficult, probably impossible to
assure the positivity of the entropy production. A resolution of this apparent difficulty is
not clear at this moment but it could indicate the failure of locality [22].
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